
  Numerical Analysis & Computer Algebra  
 Dr. Bernhard Zgraggen 
 
 

1 

Solutions 12 (Ordinary Differential Equations II) 
 
 
1.  a) The classical explicit Runge-Kutta scheme of order 4 in classical notation is: 
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Here x, y denote the coordinates already obtained in the preceding step of the scheme, h is the 
step-size and 1/3( , )f x y x y=  is the r.h.s. function. 

 
The tables below contain the k-values (stages) on the left and the x,y  coordinates on the right. 
 
 
 

 
 
 

 
 

b)  The globar error is defined as 
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By definition the local (slope) error in classical notation is: 
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The tilde superscript �  indicates that the stage values k must be evaluated using exact values 
for x, y (!). These are listed in the table below. Observe that there is no difference in the very 
first step since initially x and y are exact. 
 
 
 



  Numerical Analysis & Computer Algebra  
 Dr. Bernhard Zgraggen 
 
 

2 

n = 0:      

0 0 1 2 3 4
0

3/2

7

3/22 2

1 2 3 4

( ) ( ) 2 2( ) :
6

1.1 2 1 2
3 3 2 2  

0.1 0.
2.5922467 4

6
99 10

h
y x h y x k k k kx

h h

k k k k

τ

−

 + − + + +
= − = 

 

   + +
−     

×
+ + +    − = 

 

   

   

 

 
 

n = 1:      /

7

1 2 3 41 1
1

3/2 3 22 2

1 2 3 4

2 2( ) ( )( ) :
6

1.2 2 1.1 2
3

2.709077284
0

3 2 2  
0.1 .6

7 10

h
k k k ky x h y xx

h h

k k k k

τ

−

 + + ++ −
= − = 

 

   + +
−     + + +    − = 


×



   

   

 

 
 

The local errors in y units then are 8
0 2.592 6( ) 24 7994 10hh xτ −= ×⋅   and 

8
1 2.709 7( ) 07 2847 10hh xτ −= ×⋅ . 

 
The results on the errors are compatible with Exercises 11, P1. The orders of magnitudes are 
even the same. 

 
2.  Computations and evaluations of derivatives (up to order p) of the r.h.s. function f are avoided. 
 
 
3.  The scheme for the very first step is laid 

out on the right. The rounded k-values 
evaluate to   

 
{   0.2812500000,  
    0.2831039348,    
    0.2831284565,  
    0.2887646287   }. 

 
The absolute global error evaluates to 
2.9540931684×10−7 
 
 
 
The Local error (slope) 
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The local error in output units (y) is 7
0 2.9540931 4( ) 68 10hh tτ −×= . This must be the same as 

the global error because only the first step was considered. 
 
 

4.  The stage value ks  at the very end of a computational step in the Runge-Kutta scheme is the 
same as the first stage value  k1  at the very start of the succeeding step. This saves at least 
one evaluation of the r.h.s. function f  per step. 

 
 
5. Cf. separate file (.pdf) 
 


