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Solutions 14: Numeric Ordinary Differential Equations IV

1. Solution from the classroom:

2. Cf. P20.6 from Schaum's Outline of Numerical Analysis, Chapter 20.

Let &' =u, y"=w, 2" = w be the velocity components. Then
w'=filtx,y z, 4,0, w) v =flnx p, oz v, w) w'=fll X ¥ 3 W v, W)

These six equations are the required first-order system. Other systems of higher-order equations may be
treated in the same way.

The dimension of the first-order ODE-system is 6.

3. Cf. P20.4 from Schaum's Outline of Numerical Analysis, Chapter 20.

Let the second-order equation be ¥ = f(x, v, ¥'). Then ntroducing p=y" we have at once y" =p,
p'=f(x, y, p). As a result of this standard procedure a second-order equation may be treated by system
methods if this seems desirable,

The initial conditions fort he vector (p,y) are: p(x,) =y, ,¥(X,) =Y, -
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4.  From the script we know that the estimation of the error is equal to ¢, = Ehk (k, —k,) and the
-1/2
e - -
step-size adaptation is ruled by the formula 4, = h, E— with £, =107, &, =107
g, tey,
X Y h By | | . Status k1
EL
-7
0 ¢ £+000000000, 5 on1000000000 (5 D0PPOO000 10" ace nars7e0 0.4690415760 Procesd (i1
-1.000000000 2,999001000 % 10~ -1.00
0.8989995000 -0.1089339390 -1.0
0.001000000000 [-l.DDDBBBTDD] 0.4690415760 (D.DED59334319] 1.000234693 0.4631610377 Proceed [-EI.EIB
0.4133530341 -0.07173212952 ; -1.4
0.4700415760 (—1.4091664&) 0.4691610377 | D.133?985989] 0.8234240375 0.4332345797 Reject (—EI.ISS
0.4195550341 -0.06118684426 -1.4
0.4700415760 [-1.4091664&] 0.4334343797 [ D.11193690EI2] 1.009573027 0.4373845436 Proceed [-IZI.ISS
-0.2521114495 -0.004182800260 . -1,
0.83032761357 —l.5?9602423] 0.4373645456 | D.2EIBEI4T45?E|) 0.7460460194 0.3263089392 Reject (—EI.Eldl
-0.2521114433 -0.002328082473 -1
0.9032761357 -l.5?9602423:| 0.3263089932 [ 0.1109948425) 1.021398391 0.3332916827 Proceed [-I:I.IM
-0.7638780179 0.03605134912 ; -1.43
1.229585155 ( —1.4828?‘6??0] 0.3332916827 | D.l2??328531] 0.3481434422 0.3160083232 Reject (0.649

The next plots show the vector coordinates {z, v} of the solution evolving in time (100 sec) and
the evolution of total (414) and proceeded (303) step-sizes.
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5. Cf. P20.2 from Schaum's Outline of Numerical Analysis, Chapter 20.

ky = hfil5as Yoo ) ks = hfiix, + 5y, + Sk, p, + 42
b= hflxe, Yoo ) ly= hfdx, + 5h, v, + b, po + )
k: = hfy{x, + b, 3+ 3k, pa + ) ko= hfy(x, + B,y + ks, po + 1)
L= hfilx, + 3h, ¥, + 3k, o, + ) ls=hffx, +h, ¥, + ks, p, + 1)
¥l = ¥y + Sk, 4 2k, + 2k, + k)
Pavi=Pa+ il + 2+ 206 4 1)

6. Cf. P20.7 from Schaum's Outline of Numerical Analysis, Chapter 20.

An equivalent first-order system is
¥y =p=filt.y.p)
p'==y+(1(1-yp=£lt ¥ p)
The Runge-Kutta formulas for this system are
ky = kp, b= h[=p, + (101 = yohp]

k7 =F:|:p,,+%.!.:l [ =F:{— (_!.?,. +%kj + 1. 1}[1 - (_p.+%k,)=J{F,, + %:,)}

L

T RS I ARSI RS

ko= hip, +1) Lam B{—(yy + k) + (1)[1 = (3 + 52010 pa + i)}
I 1
En'j Fn+l=yu+5(klvlk2+2k5+kl} Fn—lhpn+6{{1+ﬂ?+2|r3+|l+:l

Choosing & = .2, computations produce the following results to three places:

ky={(200)=0 L=([-1+{11=1){0)]=-.2
k=(2)(-.1)= -.02 L= =1+ {11 —1)}—.1)]=~.2
ky=(.2)(=.1)= =02 L= 2)[=.99 + (. 1)[.02)(—. 1)] = = . 198
k= (2)(~_198) = —. 04 L= (. 2)[=(.98) + (. 1{.04)( —. 198)] = -, 196

These values now combine into

1
y,=1+5{—.l'ld—.ﬂ4—.m1=--‘;lﬂ

1 :
_F:_‘D'I'EI:'—.E—J—.:'I%—.I%]"'—.19'.-1"




