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2 Systems of ODE and higher-order ODEs

An m-dimensional system of differential equations generalizes (1.1) to

7'(xX) = £(x, 3(0) = (£ (x, 5, £, (6, 5 (), £ (x, $(x))) (2.1)
with initial vector condition y(x,) =, .

The arrows on top of the symbols y or f denotes an m-dimensional vector expression.

Example 2.1: Van der Pol second-order differential equation

The van der Pol equation emerges in the study of a closed loop electrical circuit consisting of an
inductor, a capacitor, and a nonlinear resistor. It is a classical example of a nonconservative non-
linear system with a stable limit cycle.
2"(O)= u(l-z°) z'-z (2.2a)
\q/_—J
non—linear damping
The r.h.s.-function of a differential equation z" = f(x,z,2',z",---,z" ") with highest derivative of
ordernis f(x,z,z,2,,"**,2, ;). This is multi-variate in the z-coordinates.
—_—

=z

Substituting z, =z',z, =z",...,z, | = 2"V transforms a higher order differential equation into a 1t —

n

order system:

Z'=z
'
21 =2z

22': Z, (2.3)

Z,H'Zf(x,Z,Zl,Zz,"',Z,H)

with solution vector y =(z,z,,2,,"**,2, ;) -

Example 2.1 cont: Applying this scheme to (2.2a) and then renaming 2z, with v yields:

2=y 2.2b
V= pu(l-z")Ww-z ' (2.25)

Figure 2.1: Phase plot of a solution y(¢) =(z(¢),z,(?))

=2'(¢)
to (2.2ab) for u = 0.2 with indicated initial point. The solu-
e tion (trajectory) has a limit cycle.

tirme t _I 100,

parameter '—J 0.z

In the undamped case p = 0 the solution curve is a circle.

For the special initial condition (0,0) the solution is con-
stant 0 (circle with radius 0), but for any other initial con-
dition the system has a limit cycle. Thus (0,0) is an un-
stable equilibrium point.
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Example 2.2: 3D Lorenz equations

Lorenz derived the equations 1963 from a set of partial equations modelling convection rolls in the
atmosphere. The equations constitute a 3D system of non-linear differential equations.

'@ =hHEyy,0) =0, =)
'@ =LE00Y)=n(P=y) -y, (2.4)
') = 560135, V3) = vy, — By

The parameters o, 3, p are positive > 0, but usually o =10, =8/3 and p is varied. For small
values of p the system is stable and evolves two one of two fixed point attractors. For p = 28,
e.g., the system exhibits (complex) chaotic behaviour.

Figure 2.2: The 3D-plot on the left shows the evolution of
the solution vector y(¢) with (red) inital point y(0)=
(0,0,1).

Here p= 28 and 0<¢<200. The system was solved

numerically with the embedded Runge-Kutta method Bo-
gacki-Shampine 5(4) with accuracy and precision goals
equal to 16.

Example 2.3: Planar three-body-problem
The trajectories of n = 3 mass points with masses m, >0 (i =1,2,...,n=3) and planar coordi-
nates ¢.(f) = (xi(t),yl.(t)) (i=12,...,n=23) are described by a system of Newton equations

(second law of motion with gravitational constant y):

- S mm, (q, —q, .
mg" (O =y Y, QL’QCI’) (i=12,.,n=3) (2.5a)
k=1, k=i |qk —ql.|
The r.h.s. expresses the vector sum of all gravitational forces applied to the i-th body due to all
other bodies.
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lmlxl”(t) __ my iy (X, — X,) g (X, — X;) .
\/(xl _xz) +(n - yz \/(xl _xs) +(n - y3)
lmlyln(t) __ m1m22(y1 - ) = m1m32(y1 ) =
4 \/(xl_xz) +(=») \/(x1_x3) +( =)
lmzxz”(t) - mym, (X, — X;) m,ymy (x, — X;) .
\/(xl _xz) +(n - yz \/(xz _xs) +(y, — y3) (2.5b)
lmzyzu(t):_ mmZ(yZ_ ) m2m3(y2 ) -
4 \/(xl _xz) +( - yz \/(xz x3) +(, - y3)
lm3x3"(t) - mms (x; — X;) _— m,m;(x; — X,) :
\/(xl_x3)2+(y1_y3)2 \/(xz_x3)2+(y2_y3)2
lm3y3”(t) __ mms(y; — ) myms(y; = ¥,) .
r \/(xl _x3) +( - y3 \/(xz _x3) +(, - y3)

This is a system of 6 coupled second-order equations.

Introducing the (velocities) variables (vx[ () =x"(0),v, ()= yl.'(t)) (i=1,2,3) a first-order sys-
tem with 12 equations results when applying the scheme (2.3).

Figure 2.3ab: Planar trajectories of 3 bodies. The plots were generated with the embedded Runge-
Kutta method Bogacki-Shampine 5(4) with accuracy and precision goal set to 16. The first picture
shows an evolution until # = 0.67 sec and the second (scaled) one (the same evolution) until # = 10

SecC.
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2.1 Notes on generalizations from scalar functions to vector-valued functions

The theory on explicit methods developped in the previous chapter can be generalized to systems of
differential equations. Concepts, proofs and formulaes can be carried over literally or with slight adap-

tations in notation mostly by substituting y with y = y(x), i.e. a vector-valued function depending on
the scalar variable x.

The multi-variate chain rule played a fundamental role in Property 1.1. Therefore it will be demonstrat-
ed here in vector notation:

i

—

)7”(X)=%=Jj(x,j;)-(1,)7'(x))"‘ | o o

ax’ayl’ayz’ ’ay

=:i=J
oy

. l,ylv(X),yzv(X),"',ym'(X) =

=J'(x)

m

;)

of of . - 2 o2 =
—+—=YV(x)=f.+f.-f=F
ox | o Y / fy S 1
a7 . e )
The expressions ng/.,(y):fy all denote the Jacobian matrix of f with respect to the -
g .
variables (),,¥,,"**,», ). So it becomes clear that even the abbreviations introduced in (1.8ab) carry

over. The dot here denotes the product of matrices with matrices or vectors (the inner product being a
special case). Keeping in mind that the product rule generalizes literally to products of matrices with

vectors higher derivatives 3'"'(x), 7' (x),... are computed by iterative application of the multi-variate
chain rule combined with the product rule:

provided that all second partial derivatives exist and are continuous (from the continuity it follows the

symmetry relation fxf/ = J_(}/x by a theorem called Schwarz-theorem). The expression fﬁ is a kind of

,matrix gradient" (ify,ify,...,i
ayl &ym aym

matrices and thus matrices again. Then (fﬁ ]7) is a linear combination of matrices and (]?W f) ]‘

]}jwhose components are partial derivatives of Jacobian

is an m-dimensional vector.

A second generalization concerns Taylor-expansions of f with respect to multiple y-coordinates and
multiple components. This is important because such expansions occur in the derivation of Runge-
Kutta methods (as in (1.8b) where the k-values are expanded according to Taylor’s formula). Instead
of scalar k-values k-vectors enter the stage. The idea becomes clear when generalizing (1.8):
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Ostschwaizer
Fachhechschule

Now we are to find coefficients a, b and m, n such that the (so-called 2-stage Runge-Kutta) formulas

ki=hf(x3) )
- - - stages
k, =h f(x+mh,y+mk)

(2.6)
P(x + h) = $(x) + ak, + bk,

duplicate the Taylor series of the solution y through the (second-order) term in h* . The last formula
of (2.6) is then near the Taylor polynomial of order 2.

Introducing the usual abbreviations for f and its partial derivatives we get from above:
- ~ - L= = =2\,
yx+h)=y(x)+ fh+_\f.+ - f (2.6a)
£
Multi-variate Taylor expansions for the k -vectors produce (!):

— —

k,

1
|

XX Xy

hf
( -mlzl+% f m*h® + f (mh)(mk )+

7 2191)-/%+~-j

(* 2hf) hf +- j (2.6b)

l\)l»—

|
|

-mkl+5 xxmzhz + f

Il
>
I
+
E
+

(mh)(mhf ) +

X

<

= Fem(F o f P gm| Fov2fy Fe(Fy7) 7 e

Combining the expressions in (2.6b) as suggested in (2.6a) yields
P(x + h) = 3(x) + (a +b)hf + (bm)Eh* .
Comparing coefficients with (1.8a rev.) then must give the same redundant system of equations as in

(1.8c): a+b=l,bm=%.

From this it becomes clear that the framework for Runge-Kutta methods (including Butcher tableaus)
can be carried over to systems of differential equations. The next example is a demonstration.

Example 2.4: Heun method applied to van der Pol’s equation (Ex. 2.1 cont.)

z'=v
The van der Pol equation (cf. 2.2b) has as r.h.s.-function
'=u(l-z")yv—-z

Fit.zv) =(fl(””): v ]

fr(t,z,v) = wu(l=z*)w-z

So the Heun-method (cf. 1.9a) as a 2-stage Runge-Kutta method with y =(z,v)reads as:
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The application of adaptive step-size formulas like (1.13d) in the case of vector-valued functions is

A short (modern) vector notation with explicit Butcher tableau [
described in detail in the footnote to (1.13d).

POOOOOOOO0O0OCOOO

Figure 2.4: Plot of the Step-sizes

0.2. The accuracy goal is set to 1

Table 2.1: The first twenty steps from embedded pair

Heun-Euler 2(1) with p
and the precision goal to 2.
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The norm function for step-size adaptation in Table 2.1 was set to the infinity norm (maximum
norm). So the classical step-size formula (1.13de) for the example in Table 2.1 becomes

1

é’(Z)

n

>
e

&, e,

h,., = h, max o0
g, te,

52
b

Y

Here n denotes the step number and the superscripts in round brackets indicate the vector compo-
nents.

=

Furthermore, € = (e, ', 50—, 5@ _

¢) is the vector of error estimates, ¥, = (3" =z, , 5% =v ) is the so-
lution vector, and here p =2 is the order of the (primary) Heun-method. Finally, the accuracy and

precision goals determine ¢, = 107, g = 107,

Example 2.5: Higher-order methods applied to van der Pol’s equation (Ex. 2.1 cont.)

Table 2.2: Comparisons of the meth- |Method Steps Costs Error
ods Bogacki-Shampine 5(4) and Dor- | ppss | (37376, 26235} (381668 |1.51545x 1014

mand-Prince 5(4) for accuracy and |~ T T o 350 261 | 2. 66454 x 10 10
precision goals 16. The second num-

ber in the step-column is the number of rejected steps. The costs-column indicates the numbers of
function evaluations and the error-column indicates the miminum of final (global) relative or abso-
lute error.
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Figure 2.5a: Log-Plot of step-sizes for DP5(4) Figure 2.5b: Log-Plot of step-sizes for BS5(4)
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Example 2.6: Higher-order methods applied to the Lorenz equations (Ex. 2.2 cont.)

The Lorenz equations show chaotic behaviour for many parameter settings. Usually
o =10, =8/3 and pis varied. For small values of p the system is stable and evolves to one of

two fixed point attractors. For p > 24.28, the fixed points become repulsors and the trajectory is re-
pelled by them in a complex way, evolving without ever crossing itself. The chaotic behaviour
means that (small) errors during a numeric scheme may evolve to divergent relative errors in the
long run. This becomes visible in the next comparison with large errors relative to the reference so-
lution (which itself is not reliable).

Tables 2.3ab: Comparisons of the [yctnhog | Steps | Costs | Error
methods Bogacki-Shampine 5(4) and |“5552 [ (251668, 256768} | 3573194 | 0.757335
Dormand-Prince 5(4) for accuracy and
precision goals 16. Here the time inter-
val was restricted to 0 <7<100. The
second number in the step-column is
the number of rejected steps. The costs-column indicates the number of function evaluations and
the error-column indicates the minimum of final (global) relative or absolute error. The reference
solution was computed with stiffness switching and a working precision of 32 for internal computa-
tions. Nevertheless, it is not necessarily reliable.

Method | Steps | Costs | Error
DP54 | {386656, 325115} 4270628 |1.1274
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Figure 2.5a: Log-Plot of step-sizes for DP5(4) Figure 2.5b: Log-Plot of step-sizes for BS5(4)




